5
Classification

Helge Voss

Exercise 5.1: Derivation of a linear classifier using quadratic loss function
and its equivalence to the Fisher discriminant

a)
D
y(x) = wo + Z Th Wy = XITW, .
k=1
b) Ysignat = 1 and Ypackgrounda = —1 as y(x) > 0 for events on one side of the
hyperplane given by y(x) = 0 and y(x) < 0 on the other side.
9]
Lw') = (y-x"w)?;
BLL) = N [0xi8)" - xR +

Np / (p(x|B) (" — x'"w")2dz.

d) The estimator of the expectation value is given by the average over the sum of the
events:

events

1 kT
E[L(W,)] = Ns+ Ngp Z(y(k)—xl W,)Q

Ng + Np - - '

One can nicely write the expectation value of the loss function in vector notation
if one defines a “column Vector” Y which has in the first N lines a 1 and in the
following N lines a (—1). Likewise a matrix X, that has as line index, just like
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the vector Y, the events, and as column index the coordinates:

1
1:81) xgl) xél) o x%)
(2) (2) (2) (2) )
x x x x
X — 0 1 2 D : v — 1
: : : oo -1
N G0 z
-1
(5.1)
Then, the (estimate) of the expectation of the loss function can be written as
E[L(w")] = (Y —wTX)(Y — Xw'). (5.2)
e)
!
VwE[L] = 0,
vw%(y —wTX)T(Y - Xw) = 0,
%(XY _XTXw) = o0,
iXTXW = iXTY
N N N

Note: From this equation you get immediately the weights or coefficents w of the
linear classifier w = %(XTX)fleY. However the question here was to show
that this is equivalent to the equations derived for the Fisher coefficients, and it
would be difficult to infer something about the inverse matrix (XTX)~!. Therefore
we continue to look individually at the two sides of the equation:

1) Rather than making use of extensive matrix calculations, which would probably
allow the following derivation to be written much more concise, we will list here
the full details by writing out the matrices.

mfs(wxw)))((k)
k
wox(()k)xék) -+ wlxgk)x(k) -+ wgmék)m(()k) + -+ wa([’;)xék)
etirits wow(()k)xgk) + wlxglc)xgk) + meék)wgk) +oeee gt wa%c)xglc)
k :

wox(()k)xgjk) + wlxgk)xg) + wgacék)wg) + -4+ me(DIC)x%)

NONDERONORNONG (k) (k)

0 %o Tp Ty wo

events x(()k)x(lk) xgk)xgk) xgk)xgk) x(Dk)xgk) wy
; : : : . :

x(()k)x%c) mgk)x(Dk) :rék)msjk) m%ﬂ)m%) wp



ToTo T1TQ T2TQ -+  TDIO wo

ToT1 T1T1 r2T1 +++ TpDTL w1
Nevents . . . . . . -

Torp T1XD X2TD ctt TDID wp
Nevents(v + NNT)W

2) Assuming equal numbers of events Ng = Ng = %N , each element of V¢,
(Vs4b)i,; can be decomposed as follows:
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> (aMal? 2P — 2P+ uPuf + Souf + Sl - ulu

By, S, B
+ o )+ py)

lr,s 1 ss, 13535 s s

= §(Vz‘,j+§uilﬁ+§ujﬂi—muj)
1 S B S B
+Z —pi 5 — 5
1 VB 1 B, 1 BB B B
+§ i,j+§ﬂi My +§Mj My = Mgy
1 B S B S
+Z N e ]
1, s B\, S B
+Z(Mi +pi ) (5 + py)

L0 v2)
+% (uisuf s 2wy = pf - el
S e e T T T T T A A Ve T [T MJB))
= % (VZSJ + Vi,Bj) i (—%fu}s — W+ ]+ ) 5 + MJB))

1 1
= 3 (VZSJ + Vi,Bj) + 38 =) wf = ).

4
3) For any vector p and a matrix ppe™) we have:
(BT, = Y (ppT)ie,

J
= ) pipir
J
ONTENT
J

and then equally for (ug — pB) (s — pB)T, by simply replacing u = pus — pup

Now we can proceed with rewriting the two sides of the equation derived for:
!
VwE = 0 for w:

1
NXTXW =



ORI
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x(()N) 2
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Npa

N(Via + pip2)
N(Via + pap2)

N(Vpa + upp2)
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N (k (k
Dok J’7(D) Zk 1)
N Ny
Npr N(Vii+ papa)
L Nus  N(Var + pop)
N . .
Nup N(Vpi+ ppp1)
1 B
pr (Vi + papr)

12

KD

wopup + wi(Vpr + ppp1) + w2 (Vpa + pppa) + -+

Let uT = (p1,..., up) and p'T =

(Va1 + pop1)

(Vb1 + ppp1)

(LNL

K2

(Vig + p1p2)
(Vi2 + pap2)

(Vb2 + ppu2)
wo + wip1 + wape + -
wopt + w1 (Vi1 + pap1) +we(Vie + pape) + - -
wopz + w1 (Va1 + papr) + wa(Vig + pope) + - -+
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1’(21) mg) wo
(2) (2) w1
) Tp wo
N N :
)y

N (k) (k
k azé )m(D) wo
RO "
k1 *p 1
Vb ||

N (k) (k
ety ) \ v
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%:k fga)k wo
S aaly) wi

N (k) (k
s ||

N (k) (k
SV W0 )\ wp
Nup wo
N(Vip + pipp) w1
N(Vap + p2pp) wo
N(Vpp + upip) wp
1735) wo
(Vip + papp) w1
(Vap + popp) wo
(Vbp + pip) wp

+wppp

+wp(Vip + m1pp)
+wp(Vap + p2pp)

+wp(Vbp + wppp)

, D), and this matrix can be rewritten
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such that we get for the right side of the equation:

w1
l T _ , wt w2
NX Xw = wop +( V4 T )
wp
The other side of the equation:
Lt —
NX Y =
1
gy
xgl) 1:%2) xgi%) l,gN) :
1 m @ _® (V) 1
—| =z T x x
O
1 N N N :
5”53) 2 xé ) x%) O

where [.LST = (u‘f, cey u%) and likewise for ;B

Together we have:

w1

T w2 N.

wONl+( V—l:/L,u,T > = WS
wp

Use the very first row of this set of equations to “fix” wg:

N - N

N

2 2
Ns—Np 1

wo = T—H w.

wo+p'w =

(

Plugging this into the “lower D equations yields:

w1

w2 N.
wou+(V+upT) : = Wsﬂ

wp

NZ — N?
(TB —pTwWp+ (V+uuhw =

S

Ns
N

Ns Np
uS N
Np B
- N 2
S @IJB
v )
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Note that p = ]X;us + %u

and (upuT)w = puTwp which then gives:

B

N§§Néu+vw _ %”S_%NB
_ Nss Ng B N§—Np Ns s Np B
= NHTNE TN (RH TR
_ %us_% B (NS*NB])\ENSwLNB)(%usJF%HBH
_ %”s B %“B _ (Vs —NNB)N(%”S n %MBH
= %/LS*%uBf(stNB)(%us+%uB)-
Now, assuming that all background events are weighted by Ns/Np, then:

Vw = %HS*%MB7
%(V5+VB)+i(us—uB)(us—uB)T)W = %(NS—NB%
%(Vs-&-VB)W-Fi(Ms—MB)(#S—MB)TW = %(MS—MB),

(Vs + Vi)w + const(iwl)(us — ) = (1~ uP),
SVs+Vpw = const!(wl)(u® — uP).
SWw = const!(wl) (S — P,

woox WS —p

Exercise 5.2: LDA (Linear Discriminant Ananlysis) and Gaussian
probability densities

a)

) = SR TV o~ i) 59

exp(—(x — NB)TV§1(X —1g))
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b)

exp(—(x — pg) TV (x — pg))
V09 = o = )TV T (x = p))
= —(x—pg) TV (x—pg) — (—(x— pg) TV (x — pg))
= —(x—pg) TV (x— pg) + (x— pg) TV (x — pg)
= 2V N ug —pg) — uEV 'ug +uLV up
= X"V (g — pp) — (ms — pp)'V (s + p1p),
and as you do not care about the constant second term you may choose:

yx) = 2V '(pg—np)
¢) The constant second term can be omitted, hence y(x) may be reduced to:
y(x) = 2xTV " (g — pp) | (54)
and the Fisher Discriminant was given by
Fy+x"F=x"W " (ug — pp) (5.5

with W = Vg + V. Under the assumption that the covariances of signal and
background distributions are the same, this reduces to W = 2V, which is exactly
what we had derived in exercise 5.1 for the LDA.



