7
Constrained fits

Benno List

Exercise 7.1: Particle decay
The explicit penalty function f = 2 is given by

(El — Eineas)Q _2p(E1 _ EineaS)(Ez — Epeas) (E2 _ E511ea5)2

f(EY, Ey) = (1= p2)o2 (1—p%)o102

(1-p?)o3

The two equations given by 0 = V f (E}, E5) + \*Vc (EY, E3) plus the third equa-

tion 0 = 9/0X* (f (ET, E5) + X c(ET, E3)) are given by

0 - O(f +A"c) _ 2(E1— Epess)  2p(Ey — BRess)

dFn (1 —p?)o? (1= p?)oio2
0 - U —i—A)\*c) _ _2p(E1 — EPes)  2(Ep — EpPe)
0E> (1~ p?)oio2 (1-p?)o3
0 = W = 2E1E2(1 —cos) — mio .

+2X*Ea(1 — cos ), (7.1)

+2X* By (1 — cos ) (7.2)

(7.3)

a) The set of equations for the one step of the Newton—Raphson method is given by

equation (7.62) in the book:
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b) The solution is shown in figure 7.1.
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Solution to Exercise 7.1b of
B. List: "Constrained Fits", chapter 7 of
K. Kroeninger, G. Schott and T.

0. Behnke,

"Data Analysis in High Energy Physics",

This C++ routine uses RooT classes,

sample interactive root session:

root[1

1
root[2] double el=5, e2=3, 1=0;
root[3] newtonit (1, el, e2, 1, 6, 7, 1, 1.
root [4] cout << "el=' << el << ', e2=" <<
©1=6.22807, e2=4.26316, 1=0.304094
t newtonit (int nit, double& el, doubles e2,
double elm, double e2m, double

.L exercise_7_1b.C

double rfact = 1./(l-r*r);
= l-cos(psi);

double pfac
int n = 0;

t

while (n++ < nit) {

TVectorD
vec(0) =
vec(l) =
vec(2) =

v

ec(3);

—2* (el-elm) *rfact/ (sl*sl)
—2*(e2-e2m) *rfact/ (s2*s2)

TMatrixDSym mat (3);

mat (0, 0)
mat (0, 1)
mat (1, 1)
mat (0, 2)
mat (1, 2)
mat (2, 2)
bool ok;

mat (1, 0)

mat (2, 0)
mat (2, 1)

TDecompLU 1lu(3);
lu.SetMatrix (mat) ;

ok = lu.Decompose () ;

if (!ok)

r

eturn 2;

ok = lu.Solve(vec);

if (lok)

r

eturn 1;

el += vec[0];
e2 += vec[l];
1 += vecl2];

}

return 0;

2*rfact/(sl*sl);
-2*r*rfact/ (s1*s2)
2*rfact/ (s2*s2) ;
2*e2*pfact;
2*el*pfact;

0;

Figure 7.1 Solution to exercise 7.1b).

+ 22 (1 — cos ¥)

Schoerner-Sadenius:

Wiley-VCH, 2013.

e2 << ", 1="

doubles 1,

s1, double s2,

+ 2*1*pfact;

see http://root.cern.ch/

5, -0.5, 1.570796326794897, sqrt (50.0));
<< 1 << endl;

double r, double psi, double m)

+ 2*r*(e2-e2m) *rfact/(sl*s2) - 2*1*e2*pfact;
+ 2*r* (el-elm)*rfact/(sl*s2) - 2*l*el*pfact;

- 2%el*e2*pfact + m*m;

¢) The solution is shown in figures 7.2 and 7.3.
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Solution to Exercise 7.1lc of

B. List: "Constrained Fits", chapter 7 of

0. Behnke, K. Kroeninger, G. Schott and T. Schoerner-Sadenius:
"Data Analysis in High Energy Physics", Wiley-VCH, 2013.

This C++ routine uses RooT classes, see http://root.cern.ch/

sample interactive root session:
root[1] .L exercise_7_1b.C
root[2] .L exercise_7_lc.C
root[3] h = plotimprovement (2) ;
root [4] h->Draw("COLZ");

2F *plotimprovement (int nit,
double nx=160, double x1=0, double xr=16,
double ny=100, double yb=2, double yt=12) {
stringstream title;
title << "Log_{10} (Distance Ratio) for " << nit << " Iterations;E_{1};E_{2}";

TH2F *h = new TH2F ("improvement', title.str().c_str(), nx, x1, xr, ny, vb, yt);
for (int i = 1; i <= h->GetNbinsX(); ++i) {
for (int j = 1; j <= h->GetNbinsY(); ++j) {
double el = h->GetXaxis()->GetBinCenter (i);

double e2 h->GetYaxis () ->GetBinCenter (J);
double d0 sqrt (pow (el-6.14827646488922230, 2)+pow (e2-4.06618019582670698,
double 1 = 0;
newtonit (nit, el, e2, 1, 6, 7, 1, 1.5, -0.5, 1.570796326794897, sqrt(50.0));
double dl = sqgrt(pow (el-6.14828, 2)+pow (e2-4.06618, 2));
h->SetBinContent (i, 3j, loglO(d1/d0));
)
)

return h;

Figure 7.2 Solution to exercise 7.1c).
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Figure 7.3 Plots for exercises 7.1c) and d). Plotted is log;(d(*) /d(®)), where d(©) (d(*))
are the distances to the solution before (after) 1, 2, or 5 Newton steps. Regions with good
convergence are light to dark blue, regions with no convergence are green to red.
Convergence is good around the solution (E1 = 6.14828, E2> = 4.06618), but bad in an
annular region around E; = 2.5, Es ~ 4.5. Stepsize control (lower right plot) improves
convergence in that region, but slows down convergence in other regions, in part due to
the Maratos effect.
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d)

//
//
/7
//
//
//
//
//
//
//

in

//
do

//
do

TH!

The solution is shown in figures 7.4 and 7.3.

Solution to Exercise 7.1d of
B. List: "Constrained Fits", chapter 7 of

0. Behnke, K. Kroeninger, G. Schott and T. Schoerner-Sadenius:
"Data Analysis in High Energy Physics", Wiley-VCH, 2013.

This C++ routine uses RooT classes, see http://root.cern.ch/
sample interactive root session:

root[1] .L exercise_7_1b.C

root[2] .L exercise_7_1d.C

root[3] h = plotimprovement2 (2) ;

root[4] h->Draw("COLZ") ;

t newtonit2 (int nit, double& el, double& e2, double& 1,
double elm, double e2m, double sl, double s2, double r, double psi, double m) {

for (int n = 0; n < nit; ++n) {

double eltry = el, e2try=e2, ltry=1;

int notok = newtonit (1, eltry, e2try, ltry, elm, e2m, sl, s2, r, psi, m);

if (notok) return 1;

// get the direction vector p = (pl, p2) for the full Newton step

double pl = eltry-el, p2 = e2try-e2;

double mu = fabs(ltry);

double philstart = phil (el, e2, elm, e2m, sl, s2, r, psi, m, mu);

double Dphilcalc = Dphil (el, e2, elm, e2m, sl, s2, r, psi, m, mu, pl, p2);

double alpha = 1;

double cl = 0.1;

// BArmijo condition Eq. (7.86)

while ((alpha > 1E-6) &&

(phil (el+alpha*pl, e2+alpha*p2, elm, e2m, sl, s2, r, psi, m, mu) > philstart+cl*alpha*Dphilcalc)) {
alpha *= sqrt(0.5); }

el += alpha*pl; e2 += alpha*p2;

1 += alpha* (ltry-1); }
return 0; )

Calculate the the merit function phi_1l = f + mu*|c]|
uble phil (double el, double e2,

double elm, double e2m, double sl, double s2, double r, double psi, double m,
double mu) {

return (pow((el-elm)/sl, 2) - 2*r*(el-elm)*(e2-e2m)/(s1*s2) + pow((e2-e2m)/s2, 2))/(l-r*r)
+ mu*fabs (2*el*e2* (1-cos (psi))-m*m); )

Calculate the directional derivative D(phi_l, p) for directions p that satisfy A*p = -c

uble Dphil (double el, double e2,

double elm, double e2m, double sl, double s2, double r, double psi, double m,
double mu, double pl, double p2) (
return 2% ( ((el-elm)/(sl*sl) - r*(e2-e2m)/(sl*s2))*pl +
(- r*(el-elm)/(sl*s2) +  (e2-e2m)/(s2*s2))*p2)/(l-r*r)
- mu*fabs (2*el*e2* (l-cos (psi))-m*m); }
2F *plotimprovement2 (int nit,
double nx=160, double x1=0, double xr=16,
double ny=100, double yb=2, double yt=12) {

stringstream title;

title << "Log_{10} (Distance Ratio) for " << nit << " Iterations + Stepsize Control;E_{1};E_{2}";
TH2F *h = new TH2F ("improvement2", title.str().c_str(), nx, x1, xr, ny, yb, yt);
for (int i = 1; i <= h->GetNbinsX(); ++i) {

for (int j 1; j <= h->GetNbinsY(); ++3) {

double el = h->GetXaxis()->GetBinCenter (i);
double e2 = h->GetYaxis()->GetBinCenter (j);
double d0 = sqgrt(pow (el-6.14827646488922230, 2)+pow (e2-4.06618019582670698, 2));
double 1 = 0;
newtonit2 (nit, el, e2, 1, 6, 7, 1, 1.5, -0.5, 1.570796326794897, sqrt(50.0));
double dl = sqgrt (pow (el-6.14828, 2)+pow (e2-4.06618, 2));
h->SetBinContent (i, j, logl0(dl1/d0)); } }
return h; } }

Figure 7.4 Solution to exercise 7.1d).

€)

This exercise is of an exploratory nature. Use the code from the preceding ex-
ercises, insert print statements and try to follow the iterations of the Newton al-
gorithm. Try starting at points with good convergence, and with bad convergence.
Read section 7.3.1 carefully and try to understand why the Newton method goes
into a particular direction for a particular length, and why that direction and length
are completely wrong sometimes.




Exercise 7.2: W decay

a) Equations (7.21) and (7.21) read

0 = c(x) :ZEJTCOSQSj+E§cos¢e+Echos¢y, (7.11)

J
0 = ca(x)= ZEJT sin ¢ + E;f sin ¢e + E;F sin ¢y, . (7.12)

J

They imply
9 9\ 1/2
E,T = Z EjT cos ¢j + E;F cos e | + Z EjT sin ¢5 + E;F sin ¢e ,
J J

(7.13)

— S E sing; — E sin ¢e

tan ¢y = (7.14)

J
—ZEJ.T cos ¢; — EL cos g’
J

where the quadrant of ¢, is determined by the signs of the denominator and the
numerator of the right-hand side. This part of the solution is guaranteed to exist
and is unambiguous (apart from the obvious fact that one could add any integer
multiple of 27 to the azimuthal angle ¢).
Equation (7.22) reads
0 = c3(x) (7.15)
= My - (E];r coshne + Ef coshm)? + (E;F cos ge + By cos bv)?
+(EL singe + E sing,)? + (ES sinhne + EJ sinhn,)?.  (7.16)

We introduce the W boson’s transverse momentum

PW = \/(E;F cos de + EF cos )2 + (EJ sin ¢pe + EF sin ¢,,)?

and
Be = E¢ coshne, (7.17)
pre = B sinhne, (7.18)
E, = E}coshn,, (7.19)
pay = B, sinhny, (7.20)

and get from equation (7.15)

My +piw = (Be+Ey)® — (pre +paw)’ (7.21)
= EJ+42EcEy +E} — pae — 2psePay — Do » (7.22)
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b)

c)

MYy +piw — (ED)? = (EL)? = 2BeEy — 2ps.cpaw - (7.23)

We abbreviate the left-hand side with a = M3, + pfﬁw — (ESH? — (B2, noting
that a has the dimension of squared energy, but may be zero or negative because
of the triangle inequality p%’w < (ED? + (EL)?, and get

a+ sz,epz,u = 2E.E,, (7.24)
a® + dapzepay + Wrepz, = AEI(E))® +p5.),(7.25)
A(EL)p2, — 4apaepsy —a® +4E2(Ey)? = 0 (7.26)
with the solution
- + Eev/a? — 4(EL)2(E})2
[ — L ev/a? — 4B (E) (7.27)

2(ES)?

Evidently, the solution is neither unique (except for the special case when the rad-
icand is zero) nor does it always exist. The fundamental reason for this is that the
W boson’s longitudinal momentum appears only squared in the mass constraint,
which leads to the sign ambiguity.

In the absence of further constraints or measured values it is to be expected that
the constrained-fit problem may also have two equally viable solutions. In order to
explore both solutions, a possible strategy is to use both solutions of equation (7.27)
as starting values for the iterative process.

If one uses the measured values to estimate the neutrino’s parameters from equa-
tions (7.13, 7.14, 7.27), it is quite possible that due to measurement errors the
radicand in equation (7.27) becomes negative and no solution exists.

If that happens, a solution for p;,, that is close to fulfilling the constraint c3 should

be chosen, for instance the solution that results from setting the negative radicand
—apz.e
2(E5)?

t0 Zero: pz,u =

Exercise 7.3: Linear fit

a)

For M measurements, we introduce M measured quantities gm, m = 1... M, plus
U = 2 unmeasured quantities & and b. The objective function f is given by

M
F=> (ym—im)? (7.28)

m=1

and there are K = M constraints:

Cx = 'gk — aryx — b. (729)



The Lagrange function L is then given by

M K
L= (ym—dm)>+ > Melii — azic —b). (7.30)
m=1 k=1

b) The M + 2 + K = 2M + 2 equations are

_ 0L
0= 29m

_ 0L
0= 3a
_ 0L
0= %5

_ oL
0= 7x

—2(Ym — Jm) + Am , m=1...M,
K

- >0 ATk,
k=1
K

-2 ks
k=1

= (fx — axy —b), k=1...K.

¢) The standard solution is

le’mym - meZym
MY afh — (X am)?
> ym/M —aY am/M,

&mm—i—l;.

SH
Il

Jm =

Inserting this into the first set of equations yields

which implies

Inserting this into the next equation yields

Am = 2(ym — ?Jm) = Q(ym — ATm — l;) . (732)
K
—2 Z(yka:k — &:1:12{ - l;zk)
k=1

K
— E )\kCEk
k=1

—2 Z YmTm + 24 Z wfn +2b Z T
23yt +20 > a2 42D ym Y wm/M — 20> m Y wm/M
-2 (Z YmTm — Zym Zwm/M> + 2a (Z a:ij — sz Z a:m/M)

0

after inserting the solution for a, as expected. For the next equation, we get

K
_ Z Ak
k=1

K
~2Y "(y — am — b)
k=1

=2 ym +2a Y wm +2Mb
2 ym 20y wm+2M Y ym/M —2Ma Yy am/M
0.

The last set of equations is evidently fulfilled by the definition of gm.
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d) A different penalty function would result in a different definition of f and its par-

tial derivatives; for instance, one could use the negative logarithm of the Cauchy
distribution as penalty function:

7 =3 10g (g — ) + (0/2)%) . (7.33)

That would only necessitate an iterative solution of the system of equations arising
from the Lagrange method.
If one wanted to use the minimal distance between the measured point and the
interpolating line for the penalty, one would introduce another set of unknowns:
Zm, m = 1...M, and write

F= (m—9m)”+ ) (tm —im)?, (7.34)

and define a different set of constraints in terms of the unknown quantities g, and
Zm rather than ¢, and the known abscissa values xm:

ek = Jm — ady — b. (7.35)

We note that replacing the linear function y = ax + b by a non-linear function
would only change the form of the constraints in this approach and allow a set of
measurements with errors in = and y to be fitted to any non-linear function.

These changes would be rather easy to implement in a framework that is able to
solve (potentially large) constrained-fit problems.



